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A method for the estimation of eletron density from the ratio of the wave magneti and eletri �eld amplitude of

whistler waves is developed. Near the geomagneti equator, whistler wave normals are mainly lose to the diretion

of the bakground magneti �eld. Dispersion relation of whistler wave in the parallel propagation approximation

is used in this method. Signals registered by STAFF-SA instrument on board the Cluster spaeraft are used for

eletron density reonstrution. The Cluster spaeraft rossed the plasmasphere at all loal times and in a wide

range of latitudes over 10 years (2001-2010) overing well the frequeny range of both plasmaspheri hiss and lower

band horus emissions in a viinity of the geomagneti equator. The proposed tehnique an be useful in allowing

to supplement plasma density statistis obtained from reent probes (suh as THEMIS or Van Allen Probes), as

well as for reanalysis of statistis derived from ontinuous measurements of only one or two omponents of the wave

magneti and eletri �elds on board spaeraft overing equatorial regions of the magnetosphere.
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introdution

The e�orts of developing the empirial models

that statistially desribe the plasmasphere morphol-

ogy date bak to the 1960s, when the authors of

[8℄ established an empirial relation of the plasma-

pause loation with the Kp index by using in situ

observations from the IMP 2 satellite. Later on, si-

multaneous whistler observations from the ground

and from the ISEE-1 spaeraft as well as in situ

measurements from DE1 and CRRES satellites were

used to develop more sophistiated empirial plasma-

pause models [9, 26, 28℄. In parallel to the mod-

elling of the plasmapause loation, empirial mod-

els of the equatorial density have also been devel-

oped with whistler observations, in situ probing, ra-

dio wave remote measurements, and extreme ultravi-

olet (EUV) imaging [9, 11, 23, 30, 32, 33, 35℄. More-

over, e�orts have been made to statistially repre-

sent the plasmasphere/plasmatrough density distri-

butions of the geomagneti equator, making use of

the measurements from the above-mentioned spae-

raft [11, 12, 13, 14, 15, 20, 30, 35℄.

The result of e�orts over deades are several om-

monly used empirial models [29, 32℄, but our abil-

ity to aurately represent the plasmasphere den-

sity distribution is still limited. The main reason

is that the previous observations have been made in

situ along the satellite orbits, and in limited loa-

tions under various geomagneti ativities. Existing

models are the result of an averaging of the satellite

measurements made under di�erent levels of geomag-

neti ativity. But the plasmasphere is a highly dy-

nami region that ontains density strutures of vari-

ous spatial sales. Its density distributions and their

time variations determine the harateristis of the

plasma waves (e. g., hiss, horus, EMIC) within the

plasmasphere. Therefore, ontinuous plasma density

measurements for urrent geomagneti ativity made

at high rate are needed.

Here, we present a tehnique whih allows to esti-

mate the eletron density ρ from the ratio of the wave

magneti and eletri �eld amplitude of a whistler

mode c|B|/|E| in quasi-parallel propagation approx-

imation for old plasma. Sine many probes are

equipped for measuring eletri and magneti �eld

amplitudes like multi-omponent spetral (Cluster

STAFF-SA, TC1 STAFF-SA, DE1 PWI, THEMIS

FBK) or waveform (POLAR PWI and THEMIS

SCM and EFI) measurements and the frequeny lim-

itation of multi-omponent measurements (Akebono

PFZ 400Hz [22℄, DE1 LFC/PWI [31℄), our method

an be a valuable soure of data for ross-alibrating

di�erent density measuring equipment and for om-

paring density pro�les obtained by other methods.

This method further an be applied for investigat-

ing the wave-normal angle distribution as well as

the wave amplitude distribution of the plasmaspheri

hiss as funtions of magneti latitude λ, L-shell,
Magneti Loal Time (MLT) and geomagneti a-

tivity over a wide region inside the plasmasphere,

within 45◦ of the geomagneti equator.
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Our method uses the ratio of magneti �eld over

eletri �eld omponents of the hiss and horus

waves. The behaviour of the plasmaspheri hiss and

horus was studied in [1, 2, 3, 19℄. Various statisti-

al studies of the amplitude distribution of hiss waves

were presented in [25℄ on the basis of CRRES mea-

surements, by [17℄ from DE1 measurements, in [22℄

from Akebono (Exos-D) data. The amplitude distri-

bution of the hiss waves in the inner belt and slot

region as well as aurate assessment of its role in

the dynamis of the inner radiation belt have been

performed in [4℄ using EXOS-D (Akebono) satellite.

They all showed that hiss waves are mainly seen from

11 : 00 to 19 : 00 MLT at L-shells from 2.5 to 3.5
with a maximum of averaged amplitudes of approx-

imately 20 pT.

The method of the plasmasphere density reov-

ering is based on the �eld aligned hiss and horus

equatorial distribution approximation. A statistial

analysis of the wave normal angle of plasmaspheri

hiss was ahieved by use of the wave measurements

aboard the Akebono spaeraft has been presented

in [16℄. Analysis of the wave distribution funtion

revealed that the distribution of wave normal an-

gles near the magneti equator depends on the L-
shell: wave normal angles are widely distributed at

L > 2.2, while quasi-parallel propagation is hardly

found for 1.2 < L < 1.8 [16℄. A omprehensive

statistial study based on Cluster STAFF-SA mea-

surements [1℄ at L > 2 showed that the distribu-

tion of the angle θ between the wave normal and

bakground magneti �eld at the geomagneti equa-

tor is onentrated in a 30

◦
one, with a maximum

around 10◦ − 15◦ in a viinity of the geomagneti

equator. The probability density funtions of the

wave amplitudes and wave-normals are usually non-

symmetri and have signi�ant non-Gaussian tails.

The plasmaspheri hiss showed a very lear depen-

dene of θ on λ for all wave amplitudes: the mean

value of θ inreases with λ reahing the resonane

one angle at λ ∼ 30◦ − 40◦. The authors of [5℄

revealed that a signi�ant fration of the energy or-

responds to very oblique waves with 10 times smaller

magneti power than parallel waves. In [27℄ it has

shown that very oblique whistler waves have gen-

erally a muh smaller average intensity than quasi-

parallel waves. Nevertheless, very oblique waves with

θ ∼ 60◦ dominate pith angle sattering of energeti

eletrons. The authors of [6℄ alulated the lifetimes

of eletrons trapped in Earth's radiation belts tak-

ing into aount quasi-linear pith-angle di�usion by

whistler-mode waves. It was found that analytial

lifetimes (and pith-angle di�usion oe�ients) are

in good agreement with full numerial alulations

based on CRRES and Cluster hiss and lightning-

generated wave measurements inside the plasmas-

phere and Cluster lower-band horus waves measure-

ments in the outer belt for eletron energies ranging

from 100 keV to 5MeV. Therefore signi�ant pres-

ene of oblique whistler waves in equatorial region of

magnetosphere oblige us to assess the appliability of

the approximation of parallel wave propagation for

reonstruting eletron density.

data desription

and proessing tehnique

For this work, we made use of the dataset of

ELF/VLF waves observed by Cluster from 1 January

2001 until 31 Deember 2010 in the magneti equa-

torial region (i. e. on�ned for the |λ| < 5◦) of the
plasmasphere and out of it (1.5 ≤ L ≤ 5). Cluster

was launhed in August 2000. Its mission was inves-

tigation of small-sale strutures in three dimensions

in the Earth's plasma environment, suh as those

involved in the interation between the solar wind

and the magnetospheri plasma, in global magneto-

tail dynamis and in ross-tail urrents. The four

Cluster II spaeraft forms a tetrahedral on�gura-

tion orbiting into a highly elliptial polar orbit with

initial apogee of 19.5RE and 4RE perigee altitude

with a period of 57 hours, permitting measurements

at high and low altitudes. Suh an elliptial orbit al-

lowed to ondut measurements extending from the

magnetotail urrent sheet, the plasmasphere to the

magnetopause.

Our analysis is based on the data from the Spatio-

Temporal Analysis of Field Flutuations � Spetrum

Analyzer (STAFF-SA) [10℄ and Fluxgate Magne-

tometer (FGM) [7, 21℄. The FGM measures bak-

ground magneti �eld and its low frequeny vari-

ations. FGM is apable to detet variations of

the magneti �eld with amplitudes from 0.01 nT to

25000 nT with 4 s time resolution. Noise density

is less than 3 pT/Hz

1/2
. The STAFF-SA instru-

ment has 27 frequeny hannels with logarithmi-

ally spaed entral frequenies between 8.8Hz and

3.56 kHz (overing the frequeny range from 8Hz

to 4 kHz). STAFF-SA provides the omplete spe-

tral matrix (the real and imaginary part) of three

magneti omponents measured by STAFF searh

oil magnetometer and two eletri omponents mea-

sured by the Eletri Fields and Waves instrument

[18℄ with a time resolution that is 4 s. The sen-

sitivity of the STAFF searh oil magnetometers

is 3 · 10−3
nTHz

−1/2
at 1Hz, and approximately

3·10−5
nT Hz

−1/2
between 100Hz and 4 kHz. Cluster

has rossed the plasmasphere at all loal times and

nearly all latitudes. The Cluster dataset ontains

a su�ient number of measurement points for per-

forming a statistial study for the onsidered range

of magneti loal times (MLT) and L-shells, as il-

lustrated in Fig. 1. The overage is very good with

only relatively poorer measurements near equator at

L > 5 and −10◦ < λ < 10◦

In [1℄ the authors have proposed to hek the di-

ret evaluation of the θ-distribution from the ratio

of wave magneti and eletri �elds c|Bw|/|Ew| mea-
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sured by STAFF-SA. For eah frequeny, it an be

then estimated from Faraday's Law by use of:

B2
w = E2

w

n2

c2
sin2 β, (1)

where β is the angle between Ew and k determined

from the dispersion matrix and Maxwell equations

as:

cosβ =

=
sin θ(n2

− P )
√

(n2 sin2 θ − P )2 + D2(n2 sin2 θ−P )2

(n2
−S)2

+ n4 sin2 θ cos2 θ
,

(2)

where θ is the angle between the wave normal and

bakground magneti �eld. The refration index n
is estimated from the old-plasma Appleton-Hartree

whistler-mode dispersion relation:

n2 =
RL sin2 θ + PS(1 + cos2 θ)

2
(

S sin2 θ + P cos2 θ
) −

−

√

(

RL sin2 θ + PS(1 + cos2 θ)
)2

− 4PRL
(

S sin2 θ + P cos2 θ
)

2
(

S sin2 θ + P cos2 θ
) ,

(3)

R, L, P , and S are the Stix parameters [34℄:

R = 1−

(

fpe
fce

)2(fce
f

)[(

fce
f

)

− 1

]

−1

,

L = 1−

(

fpe
fce

)2(fce
f

)[(

fce
f

)

+ 1

]

−1

,

and S = (R+L)/2, D = (R−L)/2, P = 1−
(

fpe
f

)2
,

fpe is the loal plasma frequeny.

In the approximation of parallel wave propagation

θ = 0 the orresponding expression for refration in-

dex n (3) takes form:

n2 = 2S −
√

S2 −RL (4)

and equation (2) simpli�es to cos β = 0.
After substituting (4) in (1) we obtain equation

that an be solved for eletron density ρ when |B0|
and c|Bw|/|Ew| are given.

In order to hek appliability of the parallel wave

approximation we performed statistial analysis of

wave normal distribution in the equatorial region

of the magnetosphere for a wide range of L-shell
(3 < L < 7). For data analysis, we used a teh-

nique of wave normal vetor k evaluation under the

assumption of single planar wave propagation, as

suggested in [24℄. It involves the omputation of a

spetral matrix that onsists of the power and the

ross-power spetra, using three magneti ompo-

nents. At high signal-to-noise ratios, it was observed

that the wave normal diretion is well reovered with

errors always smaller than 10◦ for signal-to-noise ra-
tios greater than one. For the observed horus waves,

this ratio was mostly greater than 1.5. Here, we

present the results obtained by the Means method

and veri�ed by the MVAB tehnique in a way pro-

posed in [1℄. Fig. 2 shows that wave normals are

direted approximately along the bakground mag-

neti �eld in the viinity of the geomagneti equator.

The mean value of θ is about 10◦− 15◦ and the vari-

ane σ = 14.5◦. The variane of the eletron density

estimation (the value obtained making use of the par-

allel wave propagation) aused by the distribution of

θ near the parallel diretion (�tted well by the Gaus-

sian with σ ∼ 14.5◦, see the dashed urve in Fig. 2)

does not exeed 4% of the result. Thus, the 95% on-

�dene interval for eletron density estimation with

the parallel wave approximation is 8%.

Using (4) we present the results of eletron den-

sity reonstrution in the equatorial region in Fig. 3.

The presented eletron density distribution was ob-

tained using the wave magneti and eletri �elds

Bw, Ew obtained from STAFF-SA measurements. A

alulation was performed using the data from han-

nels with entral frequenies within a horus interval

of (0.1fce < f < fce). Bakground magneti �eld

|B0| and loal value of gyrofrequeny fce was al-

ulated using the FGM measurements. The white

dashed line marks the plasmapause loation aord-

ing to the global ore plasma model during quiet

magnetosphere ativity, developed by [14℄. Restored

values of the eletron density for the plasmasphere

region are in good qualitative agreement with widely

used empirial models [29℄ and [32℄. The plasma-

pause is learly visible in the restored eletron den-

sity distribution. Its loation varies from L = 4 in

the dawn setor to L = 5 in the dusk setor. Di�er-

ene of the plasmapause loation an be aused by

trough in the dusk setor. Overall restored eletron

density in the plasmasphere region and outer magne-

tosphere, as well as the loation of the plasmapause,

orrespond to the plasma density on�guration given

by other ommonly used empirial models.

onlusions

The tehnique to reonstrut the eletron on-

entration based on measurements of wave magneti

and eletri �elds in the VLF range, and solving the

whistler waves dispersion relation, is proposed. The

equatorial distribution of the eletron density has

been studied using STAFF-SA VLF measurements

on board the Cluster spaeraft during 2001�2010.

The statistial database spans L-shells from 3 to 7

for quiet and ative geomagneti onditions. Com-

parison of the obtained results with widely used em-

pirial models proposed in [29℄ and [32℄ shows that

the presented method is onsistent with both of these

models.

The proposed tehnique an be useful in allow-
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ing to supplement plasma density statistis obtained

from reent probes (suh as THEMIS or Van Allen

Probes), and allows historial reanalysis of eletron

density derived from ontinuous measurements of

one or two omponents of the wave magneti and

eletri �elds on board spaeraft overing equatorial

regions of the magnetosphere (i. e., DE-1, THEMIS,

POLAR).
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Fig. 1: Data overage of the Cluster STAFF-SA measurements during 2001-2010 in dependene on L-shell, λ and

MLT.

Fig. 2: Equatorial distribution of θ angle for plasmaspheri

hiss (|λ| < 5◦). Lines indiated by blak, green, blue and

red olours orrespond to [3, 4], [4, 5], [5, 6], [6, 7] L-shell
intervals respetively. The dashed line is the approxima-

tion by Gaussian with σ = 14.5◦.

Fig. 3: Eletron density distribution restored using events

during low geomagneti ativity. Modelled plasmapause

position is shown by white dashed line.
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